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HERA StorageRing: Protons accelerated and stored for 12 hours
distance of particles travelling at about v � c
L = 1010-1011 km 

... several timesSun - Pluto and back
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� guide theparticleson a well defined orbit („ design orbit“ )
� focus the particles to keep each single particle trajectory

within thevacuum chamber of thestorage ring, i.e. close to the design orbit.  



Lorentz force * ( )= + ´
� � ��
F q E v B

„ ... in theend and after all it should bea kind of circular machine“
� need transverse deflecting force

typical velocity in high energy machines: 83*10» » m
sv c

old greek dictum of wisdom:
if you areclever,  you usemagnetic fields in an accelerator wherever
it ispossible.

But remember:  magn. fields act allways perpendicular to the velocity of theparticle
� only bending forces,   � no „ beamacceleration“
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0.) Introduction and Basic Ideas



circular coordinatesystem
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condition for circular orbit:
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2.) 2.) TheThe MagneticMagnetic Guide Guide FieldField

Dipole Magnets:

define the ideal orbit
homogeneous field created by two flat pole shoes

3rd Maxwell equation for a static field:
� � �

� �� � �

according to Stokes theorem:
� � � � �� �

�( )

� �

� � � � � � � � � � � � �� � � � � � �� � �

0 * *= +�

��
� Fe FeH dl H h H l

in matter we get with � r � 1000 0
0 0* * *= + »�

��
� Fe

r

H
H dl H h l H h

m

Field Calculation

court. K. Wille



field map of a storage ring dipolemagnet
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Magnetic field of a dipolemagnet:
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„ radius of curvature, bending strength“

Circular Orbit: „  … defining the geometry“
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920 GeV Proton storage ring
dipole magnets N = 416

l = 8.8m
q = +1 e Tesla.
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ExampleHERA:



required: focusing forces to keep trajectories in vicinity
of the ideal orbit
linear increasing Lorentz force
linear increasing magnetic field

= - × = - ×z xB g x B g z

at the location of theparticle trajectory: no iron, no current

0Ñ´ = ® = - Ñ
� � � �

B B V

the magnetic field can be
expressed as gradient of 
a scalar potential !

( , ) = ×V x z g xz

equipotential lines (i.e. thesurface of the iron contour) = hyperbolas

coilsyoke

3.) 3.) FocusingFocusing fieldsfields: : QuadrupoleQuadrupole MagnetsMagnets

court. K. Wille



Example:
heavy ion storage ring TSR

Calculation of the Quadrupole Field:

normalised quadrupolestrength:

*× =�

� �
� H ds n I

0
2

2
=

nI
g

r

mgradient of a 
quadrupole field:

g
  k

/
=

p e

Separate Function Machines:

Split the magnets and optimise
them according to their job: 

bending, focusing etc 

( ) *= -B r g r



4.) 4.) TheThe equationequation of of motionmotion::

Linear approximation:

*  ideal particle � design orbit

*  any other particle � coordinates x, z  small quantities
x,z << �

� magnetic guide field: only linear terms in x & z of B 
have to be taken into account

Taylor Expansion of theB field:

2 3
2 3

z 0 2 3

1 1
  B ( ) ...

2! 3!
= + + + +z z z

z
dB d B d B

x B x x x
dx dx dx

… what about the vertical plane:

Maxwell:
E
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Equation of Motion:

�

z

x

�

s

�

ẑ

�Consider local segment of a particle trajectory
... and remember theold days:
(Goldstein page27)

radial acceleration:

22

2
� �= - � �
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r
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dtdt
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d
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general trajectory: 
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develop for small x:
2 2

2 (1 )- - = z
d x mv x

m eB v
dt r r

�x r

guide field in linear approx.

0
¶

= +
¶

z
z

B
B B x

x

2 2

02 (1 )
¶� �- - = +� �
¶� �

zBd x mv x
m ev B x

xdt r r

independent variable: t � s

¢= dxx ds

*=dx dx ds
dt ds dt

01
(1 )

eBx exg
x

mv mvr r
¢¢- - = +

2

1 1¢¢- + = - +
x

x kx
r rr

2

1
( ) 0¢¢+ - =x x k
r

Equation of motion of a 
particle in a stoage ring



* 0¢¢+ =y K y

Differential Equation of harmonic oscillator …  with spring  constant K

general solution:  linear combination of two independent solutions

5.) Solution of 5.) Solution of TrajectoryTrajectory EquationsEquations

Define…  hor. plane:

… vert. Plane:

21= -K kr

=K k

Nota bene:

*  K(s) is prescribed by the storage ring design:
given by the magnet parameters and depends 
on the position s in the ring  

*  K � const.

SPS Lattice

2( ) 1 ( ) ( )= -K s s k sr

1 2( ) cos( ) sin( )= × + ×x s a t a tw wAnsatz:



Hor. Focusing Quadrupole K > 0:

0 0
1

( ) cos( ) sin( )¢= × + ×x s x K s x K s
K

0 0( ) sin( ) cos( )¢ ¢= - × × + ×x s x K K s x K s

0

0

(0)

(0)

=

¢ ¢=

x x

x x
starting conditions

For convenience expressed in matrix formalism:

0

� � � �
= ×� � � �¢ ¢

� � � �

foc
s

x x
M

x x

0

1
cos( ) sin(

sin( ) cos( )

� �

� �

= � �

� �
� �-
� �

foc

K s K s
KM

K K s K s



1
cosh sinh

sinh cosh

� �

� �

= � �

� �
� �
� �

defoc

K l K l
KM

K K l K l

hor. defocusing quadrupole: K < 0

drift space:  K = 0

1

0 1
� �

= � �

� �

dr i ft

l
M

!      with theassumptions made, the motion in the horizontal and vertical planes are
independent  „  ... the particle motion in x & z is uncoupled“   



focusing lens

dipole magnet

defocusing lens

Transformation through a system of latticeelements

combine thesingleelement solutions by multiplication of the matrices

*.....* * * *= etotal QF D QD B nd DM M M M M M

x(s)

s

2 1

s2,s1( )*
� � � �

=� � � �¢ ¢
� � � �s s

x x
M

x x

0

typical values
in a strong
foc. machine:
x � mm, x´ � mrad

court. K. Wille



Question: what will happen, if theparticleperformsa second turn ? 

x
... or a third one or ... 1010 turns

0

s



6.) Orbit & Tune:6.) Orbit & Tune:

Closed orbit using a 3 bump

Orbit distortion due to single coil

Tune = number of � -tron
oscillations per turn



Tune:

HERA revolution frequency: 47.3 kHz

Tune: number of oscillations per turn

31.292
32.297

Relevant for beam stability: non integer part

kHz81.13kHz3.47*292.0 ====



19th century:

Ludwig van Beethoven: „ Mondschein Sonate“

Sonate Nr. 14 in cis-Moll (op. 27/I I ,   1801) 



Astronomer Hill:

differential equation for motions with periodic focusing properties
„ Hill‘sequation“

Example: particle motion with
periodic coefficient

equation of motion: ( ) ( ) ( ) 0¢¢ - =x s k s x s

restoring force  � const,                                        weexpect a kind of quasi harmonic
k(s) = depending on theposition s                oscillation:  amplitude& phase will depend
k(s+L) = k(s),   periodic function on theposition s in the ring.



7.) 7.) TheThe Beta Beta FunctionFunction

General solution of Hill´sequation:

� (s) periodic function given by focusing properties of the lattice � quadrupoles

� , � = integration constants determined by initial conditions

Inserting (i) into theequation of motion … 

0

( )
( )

= �

s ds
s

s
y

b

� (s) = „ phase advance“ of theoscillation between point „ 0“ and „ s“ in the lattice.
For one complete revolution: number of oscillations per turn „ Tune“

1
2 ( )

= ×��y
ds

Q
sp b

( ) ( ) ( ) cos( ( ) )i x s s se b y f= × +



8.) 8.) BeamBeam EmittanceEmittance and Phase and Phase SpaceSpace EllipseEllipse

(1) ( ) * ( ) * cos( ( ) )= +x s s se b y f

{ }(2) ( ) * ( )* cos( ( ) ) sin( ( ) )
( )

¢ = - + + +x s s s s
s

e
a y f y f

b

( )
cos( ( ) )

* ( )
+ =

x s
s

s
y f

e b

general solution of
Hill equation

from (1) we get

Insert into (2) and solve for �

2 2( )* ( ) 2 ( ) ( ) ( ) ( ) ( )s x s s x s x s s x se g a b¢ ¢= + +

* � is a constant of themotion … it is independent of „ s“
*  parametric representation of an ellipse in thex x‘ space
*  shape and orientation of ellipse are given by � , � , �

2

1
( ) ( )

2

1 ( )
( )

( )

- ¢=

+
=

s s

s
s

s

a b

a
g

b



2 2( )* ( ) 2 ( ) ( ) ( ) ( ) ( )¢ ¢= + +s x s s x s x s s x se g a b

Beam Emittanceand Phase SpaceEllipse

x´

x
� �

�� ��
� �

�� ��

�

�

�

�

�

�

x(s)

s

Liouville: in reasonablestorage rings 
area in phasespace is constant.

A = � * � =const

� beam emittance = woozilycity of theparticle ensemble, intrinsic beam parameter, 
cannot be changed by the foc. properties. 

Scientifiquely spoken: area covered in transverse x, x´ phasespace… and it is constant ! ! !  
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( ) * ( ) * cos( ( ) )= +x s s se b y f
max. amplitude of all 
par ticle trajector ies

( ) * ( )=x s se b

Beam Dimension: 
determined by two parameters

Example: transversebeam
profile measured
using a wirescanner



Emittance ... so sorry .conste ¹

According to Hamiltonian mechanics: q = position = x
phasespacediagram relates the variables q and p        p = momentum = mc� �

Liouvilles Theorem: pdq const=�

for convenience (i.e. becauseweare lazy bones) weuse in accelerator theory:

xdx dx dt
x

ds dt ds
b
b

¢= = = where � = v/c

xpdq const mc dx mc x dxgb gb ¢= = =� � �

1
x dxe

bg
¢� = µ�

the beam emittance shrinks
during acceleration � ~ 1 / �

9.) … thenot so ideal world



10.) 10.) MomentumMomentum errorerror:: 0p
p

D ¹

2 2

2
( )= + - =

+ z
d mv

F m x eB v
xdt

r
r

01
(1 )

eBx exg
x

mv mvr r
¢¢- - = +

0 0 0

1 1 1
(1 )

p
mv p p p p

D
= » -

+ D

neglecting higher order terms …

2

1 1
( )

p
x x k

p rr
D¢¢+ - = ×

Momentum spread of thebeam adds a term on the r.h.s. of theequation of motion.
� Inhomogeneous differential equation.

Force acting on theparticles

Question: do you still remember page13 ?       … sureyou do: 



2

1 1
( )

p
x x k

p rr
D¢¢+ - = ×

general solution:

( ) ( ) ( )h ix s x s x s= +
( ) ( ) ( ) 0h hx s K s x s¢¢ + × =

1
( ) ( ) ( )i i

p
x s K s x s

pr
¢¢ + × = ×

�

Normalise with respect to � p/p:

( )
( ) i

p
p

x s
D s =

�

Dispersion function D(s) 

*  is that special orbit, an ideal particle would have for � p/p = 1

* the orbit of any particle is the sum of thewell known x
�

and the dispersion

* as D(s) is just another orbit it will besubject to the focusing properties of the lattice

DispersionDispersion



. �

x �

Closed orbit for � p/p > 0

( ) ( )i
p

x s D s
p

= ×
�

Matrix formalism:

( ) ( ) ( )
p

x s x s D s
pb= + ×

�

0 0( ) ( ) ( ) ( )
p

x s C s x S s x D s
p

¢= × + × + ×
� 0s

x C S x Dp
x C S x Dp

� � � � � � � �
= +� � � � � � � �¢ ¢ ¢ ¢ ¢

� � � � � � � �

�

1 1

0 0

1 1
( ) ( ) ( ) ( ) ( )

s s

s s

D s S s C s ds C s S s ds
r r

= -� �� � � �

xi

CalculateD, D´

Dispersion
Example: homogenous dipole field



ChromaticityChromaticity: : ��

Influence of external fields on the beam:  prop. to magn. field & prop. zu 1/p

= � B* dl

p
e

aaaadipolemagnet

focusing lens =
g

k
p

e

� Q = � *  � p/p

particlehaving ...  
to high energy
to low energy
ideal energydefinition of chromaticity:

p
p

*)s(Dx
D

DDDD
====



Problem: chromaticity isgenerated by the lattice itself ! !

� is a number indicating the size of the tune spot in the working diagram, 
� is always created if the beam is focussed

� it is determined by the focusing strength k of all quadrupoles

�==== ds)s()s(k*
4
1

: bbbb
pppp

xxxx

k = quadrupolestrength
� = betafunction indicates the beam size … and even more the sensitivity of  

the beam to external fields

Example: HERA

HERA-p:      � = -70 … -80
� p/p = 0.5 *10-3

Q = 0.257 … 0.337

� Some particles get very close to 
resonaces and are



ResumeResume´:´:

… what I  did not mention

*  correction of dispersion trajectories

*  compensation of chromaticity

*  coupling and skew quadrupoles

*  themini beat insertion: luminosity

*  latticedesign: how do wecalculate& optimise � ?

*  what about non linar fields?

… and after all thevery exciting question:

why do our particlesnot obey gravity and just fall down in thestorage
ring ????


